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Introduction 



When speaking about Mp-branes, eleven dimensional (11D) supersymmetric extended 
objects playing an important role in String/M-theory, one usually mentions M2-brane, 
also known as 11D supermembrane (p=2) [I] and M5-brane [21 El II]- However, as it 
was noticed in [5], one more supersymmetric 11D object exists. This is 11D massless 
superparticle (p — 0), which can be called MO-brane or M-wave. The last name looks 
natural as far as 'M' refers to M-theory and hence to 11D, while 'wave' is an appropriate 
name for a massless particle moving along a light-like line in spacetime. The other name, 
MO-brane, comes from the observation that (see [5]) the dimensional reduction of this 
11D superparticle down to 10D produces type IIA massive superparticle which is called 
DO-brane because it belongs to the numerous family of Dp-branes (Dirichlet p-branes) of 
the type II superstring theories (see [5] and refs therein). 

Being the simplest representative of the family of M-branes, the M-wave provides a 
natural starting point for studying their properties and the toy model to attack difficult 
problems related to them. One of such problems is the search for an effective action for 
the system of multiple M2 (mM2) and multiple M5-branes (mM5). 

The dimensional reduction of these hypothetical mMp' actions should produce the 
actions for mDp (multiple Dp-brane) systems. For these a (very) low energy limit is 
provided [6] by the maximal d = p + 1 dimensional supersymmetric Yang-Mills (SYM) 
theory with the gauge group U(N). This includes (9 — p) Hermitian matrices of scalar 
fields, X*, the diagonal elements of which describe the positions of different Dp-branes 
while the off-diagonal elements account for the strings stretched between different Dp- 
branes. The SYM description provided the basis for the search for the complete (a more 
complete) nonlinear description of mDp-system, similar to the description of a single 
Dp-brane in e.g. see [3 [9] and refs. therein for the progress in this direction. 

For the case of mM5 even the question on what should be a counterpart of the very low 
energy approximate SYM description of mDp is still obscure (see e.g. [10] for a relevant 
result and references) . For the case of very low energy mM2 system such a problem was 
unsolved many years, but recently two related models were proposed in [TJ1 [T2] and [T3] • 

As far as multiple MO-brane (mMO) action is considered, a purely bosonic candidate 
was constructed in [14J as the 11D generalization of the Myers 'dielectric DO-brane' ac- 
tion in [7] . On the other hand, an approximate but supersymmetric and Lorentz covariant 
equations of motion for mMO-system were obtained in [16] in the frame of superembed- 
ding approach (see [13 [2] as well as [IH1CE2] and refs. therein). The generalization of these 
equations for the case of mMO-system in curved 11D supergravity superspace, which de- 
scribes the generalization of the M(atrix) theory |20j for the case of its interaction with 
arbitrary supergravity background, were presented in [21] and studied in [22]- In [23] it 
was shown that, when specialized for the case of 11D pp-wave superspace, these equations 
reproduce (in an approximation) the so-called BMN matrix model proposed for this back- 
ground by Berenstein, Maldacena and Nastase in [21] (see [32] for the derivation of the 
bosonic limit of the BMN action). This result has confirmed that the equations of [21] 122] 
describe the Matrix theory interacting with supergravity background, but its derivation 
has shown that, due to their superspace origin, application of these equations for the case 
of some definite, even purely bosonic supergravity backgrounds are technically compli- 
cated: it requires the lifting of the bosonic supersymmetric solution of 11D supergravity 
to the complete superfield solution of the 11D superspace supergravity constraints [2H] 



and to use them to specify the induced geometry on the center of energy worldline. 

Hence, for applications it is desirable to find an action which reproduces the Matrix 
model equations of [21 J or their generalizations. In this letter we present such action for 
multiple MO-brane system, for simplicity restricting ourselves by the case of flat target 
11D superspace. This action is essentially based on the spinor moving frame formalism 
for the 11D massless superparticle [25] (see [261 EZ] for D=4 and D=6,10 cases and [19] 
for refs. on related studies) which we briefly describe in sec. 2 below. 

1 MO— brane, 11D massless superparticle 

As single MO-brane (M-wave) is just the D=ll massless superparticle, it can be described 
by the 11D version of the Brink-Schwarz action [5] Sbs ■ In the first order formalism 

Sbs = J i (p a E a - e -VaV a dr) , (1) 

where a = 0,1, ...,10 is the 5*0(1,10) vector index, e(r) is the Lagrange multiplier 
the variation of which imposes the mass shell condition p a p a = 0, E a = E a (Z) =: 
dZ M (r)El t ( y Z) is the pull-back of the bosonic supervielbein of the 11D target super- 
space, E a = E a (Z) = dZ M Em{Z), to the worldline W 1 parametrized by proper time r. 
The pull-back is obtained by substituting the bosonic and fermionic coordinate functions 
Z m (t) = (x m (t), a {r)) (yU = 0, ...,9, 10, a = 1, ...,32) for the superspace coordinates 
Z M = (x^,6 & ), so that E a = drE* with E a T = d T Z M E a M {Z M \r)). 

The supervielbein E a = dZ M E^(Z) should obey the 11D superspace supergravity 
constraints [29] . For simplicity, in this latter we will mainly restrict ourselves by the case 
of flat target superspace for which 

E a = IP = dx a - id6T a 6 , E a = d6 a . (2) 

Here and below we use the real 32x32 matrices = r^ Q = V^C^p and = T^ a = 
C a ^Tf constructed product of the 11D Dirac matrices VI 1 (pure imaginary in our 
mostly minus conventions rf h = diag(l, —1, —1) and obeying TT 6 + r b r a = t] ab I32X32) 
with 11D charge conjugation matrix C 7j g = —C^ and its inverse C a/3 = —C^ a . 
The action ([1]) is invariant under the local fermionic K-symmetry [301 EI] 

8 K x a = -z§T a 5j , 8j a = Pa t a ^Kp(r) , 5 K e = 4i^d T 9 p . (3) 

This symmetry is important because it reflects the supersymmetry preserved by ground 
state of the dynamical system (thus insuring that it is a ^BPS state). On the other hand, 
as it was discovered in [32], it can be identified with the worldline supersymmetry of the 
superparticle. This fact is not manifest due to the infinite reducibility of the ^-symmetry 
[3T] (which results in that the 32 parameters in the 11D Mayorana spinor K a (r) can be 
used to remove only 16 component of the fermionic coordinate function 8 a (T)). 

2 MO— brane in spinor moving frame formulation 

The k symmetry appears in its irreducible form in the so-called spinor moving frame 
formulation of superparticle [26j ETJ [25]. The spinor moving frame action of MO-brane 



reads 

Smo = [ P*E== [ p*u=E\Z) (4) 

where p*(r) is a Lagrange multiplier and is a light-like 11D vector field u =a u^ = 0. 
This can be considered as a kind of square of any of the 16 spinors v ~ a (which have 
appeared in (jSJ)) provided these are constrained by 



0. (6) 



With the use of these constrained spinors, the K-symmetry of the spinor moving frame 
action can be written in the following irreducible form 

5 K x a = -i6T a 5j , Sj a = e+VK"" > = = S «< ■ (7) 

These transformations can be obtained from the infinitely reducible ([3]) by substituting 
for p a the solution p a = p^u^ of the constraint p a p a = 0. It is easy to see that, with 
this substitution, the action JTJ acquires the form of (@|. Furthermore, using (jSJ), we find 
e+i = 2p*v~ a K a . 

However, one might still find the origin of our v~ a a bit mysterious. To clarify this, it 
is useful to consider the null-vector as an element of the moving frame matrix, 



ui a) = p±^x,^£) g 50(1,10) 



(i = 1, 9). The statement that this matrix belongs to the SO(l, 10) is tantamount to 
saying that the moving frame vectors obey the constraints 



u:u a = = 0, u a =u a * = 2, u:u ai = 0, (9) 
u*u a * = , u*u ai = , (10) 
u\u ai = -5* . (11) 

Then v~ a can be defined as an 8x16 black of Spin(l, 10) valued spinor moving frame 
matrix 

■ v +a 



V 1 



Vtf = [ J_ a ) € Spin(l, 10) . (12) 



This is double covering of the moving frame matrix (jSJ) in the sense of that 
VT b V T = U^ a) T {a) , (a) V T t {a) V = t b u ( b a) , (b) VCV T = C . (c) (13) 

The two seemingly mysterious constraints fl6]) appear as a block of the relation (fl3h ) and 
as a component V T T = V = T b u^ of (113b). with an appropriate representation of the 11D 
Gamma matrices. The other blocks/components of these constraints involve the second 
set of constrained spinors, t>+ a , 

V t T a V p = U t 6 1P » V q V aV+ = ~<7gp , (14) 

2v +<* v +P = f aa ^u* , 2v-( a v+® = -f aQ/3 < . (15) 



Here Y qp are the 9d Dirac matrices; they are real, symmetric Y qp = Y pq and obey 7*7^ + 

l j Y = ^16x16 • 

The third constraint, ffT3b ). implies that the inverse spinor moving frame matrix 

= (v aq + ,v aq ~) e Spin(l,10) (16) 
can be constructed from the same v^ a as in (fi~2l) . 

q 1 q \v q a v ap = = v+ a v ap + . K ' 

The moving frame vectors can be used to split the pull-back of the supervielbein 
in a Lorentz covariant manner, E b h-> E b U { b a) = {E = ,E*,P). One can show that the 
equations of motion for the Lagrange multiplier and for the moving frame vector 
(or for v~ a ) result in E = = and E l = 0, respectively (see [251 EH EE] f° r details on 
varying the moving frame and spinor moving frame fields), so that on the mass shell 

E= := E a u= = 1 ~ a 1 = , 1SJ . 

£«:=EX = ) * E*:=-E*u a . (18) 

This implies that the MO-brane worldline W 1 is a light-like line in target (super) space, 
which is in agreement with the statement that MO-brane is the massless 11D superparticle. 
Furthermore (|T8|) suggests to consider E# = drEf as an einbein on W l . Its gravitino- 
like companion is given by the covariant projections E +q = E a v^ q of the pull-back of 
the fermionic 1-form E a . One can show |25j that the other projection, E~ q = E a v~ q , 
vanishes due to the fermionic equation of motion of the MO-brane, so that, on the mass 
shell, 

E- q := E a v~ q = & E a := E +q v~ a . (19) 

The suggestion to treat E +q = E a v^ q = drE^ q as composed gravitino and (Ef,E+ q ) 
as composed supergravity multiplet induced by embedding of W 1 into the 11D target 
superspace may be taken from the observation that under the irreducible K-symmetry (jTJ) 

5 K E +q = De +q {r) , 5 K E* = -2iE +q e +q (20) 

(D = drD T is defined below, in ff24|) ). Our action for the mMO system, which we are 
going to present, contains the coupling of these induced Id supergravity to the matter 
describing the relative motion of the mMO constituents. 

3 Covariant action for multiple MO— brane system 

The study of [TBI [2TJ suggests that, describing the system of N nearly coincident M0- 
branes (mMO system), it is convenient to separate the coordinate functions Z M (r) de- 
scribing the center of energy motion (with the same properties as the ones describing sin- 
gle MO-brane) and the variables describing the relative motion of the mMO constituents. 
That are the bosonic and fermionic hermitian traceless N x N matrix fields X l (r) and 
^ q {r) depending on a proper time variable r parametrizing the center of energy worldline 
W 1 . The bosonic X 4 (r) carries the index i — 1, 9 of the vector representation of 5*0(9), 



while the fermionic \l/ g transforms as a spinor under 50(9), so that q = 1, ...,16. The 
S0(1, 1) weight of the fields are 2 and 3, respectively, so that in a more explicit notation 
X* = X* # := X; + and * 9 = := ^ +++q = * # ~. 

We propose to describe the system of N nearly coincident MO-branes by the following 
action 

SmMo = [ p*E=+ [ (p # ) 3 (tr (-rDT + m q D%) + E*u) + 
Jw 1 Jw 1 v ' 

+ f (p*)* E + Hr Ui(j^) q r + i(y JX\ x?]J , 
where P l := P^ are 9 bosonic matrix auxiliary fields, 

U := H #### (X, P, *) = -tr (PV) + V(X) - 2tr (X* #7**) (21) 

is the relative motion Hamiltonian including, besides tr(P*) 2 , the Yukawa coupling tr (X l \l/7 l \l/) 
and the scalar potential 

V:=V #### (X) = -ltr[X\^] 2 . (22) 

The Lagrange multiplier p* and bosonic and fermionic one forms E = , E# and have 
been described above, in sec. 2 discussing the single mMO-brane case. The covariant 
derivatives D = drD T are defined by 

DT := dX* + 2tt {0) X i - tt ij X j + [A, X*] , (23) 
DV q := d* q + 3n®%-±n*f£* p + [A,* q ]. (24) 

Here A = drA T (r) is the SU(N) connection on W , A T (r) is an anti-Hermitean trace- 
less N x N matrix gauge field in Id, which is an independent variable in our model. 
In contrast, = drVt^ and Q ij = drfij? are the composed (induced) SO (1, 1) and 
5*0(9) connections on W 1 . They are constructed from the moving frame vector fields (jHJ) 
corresponding to the center of energy motion as 

Q (o) = ha =a du* , Q lJ = u ia du 3 a . (25) 

The action (12 ip is invariant under the transformation of the 16 parametric local world- 
line supersymmetry. This acts on the matrix fields describing the relative motion of the 
mMO constituents as 

5X = 4ie + Y^ , 5 e r = [(e + 7^),X J '] , (26) 

Se% = - ^(e + Y%[X\ X?] , (27) 

6 £ A = -E*e +q y q + (E + fe + )X i , (28) 
and on the center of energy variables as 

S e x a = -i§T a S e e + 3(p*) 2 u a *tr (z(e + 7^)r - (e + 7 i ^)[X i , X J ']/8) , (29) 

6 e 9° = e +9 (r)t;- Q , (30) 

5eP* = = 5 e u= (31) 

x Let us recall that, in the case of flat superspace, E +q = d6 a v+ q and E# — uf(dx a - id9T a 9). 



H. Eqs. fl29|) . f l30|) and fl3T|) describe a deformation of the irreducible ^-symmetry ([7]) of 
the free massless superparticle. Actually the only deformed relation is 5 e x a , (129]) . which 
acquires an additional (with respect to ([7])) contribution constructed from X*, P* and ty q . 

The local supersymmetry f[2T)j) - f[3"Tj) guaranties that the ground state of the dynamical 
system described by the action f[2"Tj) preserves 1/2 of 32 11D supersymmetries (is a 1/2 
BPS state), the fact which allows to identify (121]) with the action of multiple MO-brane 
system. 

The fact that the worldline supersymmetry transformations of the mMO center of 
energy variables are so close to the /t-symmetry transformations of single MO-brane can 
be traced to the fact that the first term in ( |2~TT) coincides with the action (jl]) of the single 
MO-brane. However, due to the presence of p*(r) and of the moving frame variables uf 
and v^ q in the second part of the action (containing E# = E a uf and E +q = E a v^ q ), 
the equations for the auxiliary field differ from (|18p in such a way that, in distinction to 
the case of a single MO-brane, the motion of the center of energy of the mMO system is 
not light-like; it is characterized by a nonvanishing effective mass constructed from the 
relative motion fields X 1 and ^ q . 

To see this in a simple way, let us calculate the canonical momentum conjugate to the 
center of energy coordinate function x a (r). This reads 

Pair) = ^g^y = P*u= a + (p*) 3 u*H(X\ P , ¥,) , (32) 

where L m Mo is the Lagrangian density of the action ( l2T|) . S m Mo = J drC m Mo, and "H = 
'H #### (X i ,r,^g) is defined in Eq. (EE]). Now, using Eqs. (JH} and one easily finds 
that 

M 2 := p a p a (r) = 4(p # ) 4 -H(X\ P , * q ) . (33) 

In purely bosonic limit it is easy to see that M 2 is a nonnegative constant. 

Indeed, the purely bosonic limit of the equations of the relative motion which follow 
from the action (T2~T!) read 

E*r = D1C P = D # X { , (34) 

D # D # X = ^[{X\X^} . (35) 

As a consequence of these equations, DT-L = 0. Then, the set of equations of motion 
following from the action (121]) also includes Dp* = which can be solved for SO(l, 1) 
connection = Dp#/2p#. Using this solution we see that DT-L = can be written 

in the form of d ^?*2,I^ = which makes manifest that M 2 in fl33l) is a constant. This 



constant is nonnegative just due to the explicit form of (the bosonic limit of) the relative 
motion Hamiltonian U, Eqs. (EED, d22|) V 

The complete equations of motion following from the action (I2T!) are close to, but not 
identical with, the flat superspace case of the mMO equations obtained in [T6l |2T] in the 
frame of the superembedding approach. The difference is due to the contribution of the 
center of energy fields into the equations of relative motion and vice versa. For instance, 



To prove the invariance of the action (1211) under the above supersymmetry transformation the fol- 
lowing identity for 9d gamma matrices is useful: l q \ q ,l l p , )p + lp( q >%>) q = l q > P > S qp ~ S q'p'l qp - 



the complete form of the the bosonic equation of the relative motion which follows from 
the action ff2T]) reads 

D # D # T = ±[[1C,X>]X?] +2^7^ + tiD#(E+i i V) + i(E+ 7 %[%,X^] . (36) 

The last two terms in the r.h.s. of ( 136]) . which contain contributions of the center of 
energy Goldstone fermion 9 a (through E^ q := D^9 a v^ q ) are absent, in the flat target 
superspace case of equations from [T6l |2T] . The reason for such a difference is that the 
center of energy motion is treated as a (worldline superspace) background in [161 EI] while 
in our present action (12 ip it is treated on the same footing as the relative motion. 

Due to the same reason, the approach of [161 EI] did not catch the backreaction of 
the relative motion on the center of energy motion (which is also characteristic for the 
purely bosonic Myers action |7]), one of the manifestation of which is the appearance of 
generically nonvanishing effective mass of the mMO system, Eq. ( 1331) . which we discussed 
above in the frame of purely bosonic approximation. 

The detailed study of the equations of motion and the symmetries of the multiple 
M-wave action ()2ip will be the subject of the forthcoming paper. 

4 Discussion and outlook 

The dimensional reduction of our action on a circle should be related to (the moving 
frame reformulation of) the mDO action from [8]. The generalized mass term of the 10D 
model of [8] is defined by an arbitrary function M 10D = Miod((p # ) 2 IP\ P # X\ (p # ) 3/2 ^), 
while the dimensional reduction of our action gives more definite expression, 

M 2 10D =P 2 o-pI---pI=pIo + 4(P # ) 4 ^ • (37) 

Here U = H #### (P i , X\ * 9 ) is the Hamiltonian of the multiple MO system, Eq. (pT|) 
and, as we discussed above, in purely bosonic limit, 4(p*) 4 % = M 2 is a constant effective 
mass of the mMO system. Notice however that in our expression for M 2 Q some freedom 
is still present: we have to choose the form of the momentum p 10 corresponding to the 
compactified direction. 

The study of dimensional reductions and the search for possible reformulation of our 
model without spinor moving frame variables are interesting problems for future study. 
On the other hand, we intend to use our spinor moving frame action as a basis of the 
generalized action principle |33j and to study the superfield equations which can be derived 
from it. This will produce a deformation of the set of equations from [211 [22] by terms 
describing the influence of the relative motion fields on the center of energy motion and 
vice versa, which are absent in the approach of [2"Tl [22] by construction. 

The other impotent direction for future study is to elaborate the generalization of 
the action f[2TT) for the mMO system in curved 11D superspac^). The form of equations 
in [2l| suggests that, besides understanding the E a and E a , included in ( |2TI) inside of 
E # , E = and E +q , to be supervielbein of the 11D supergravity superspace (instead of 
([2])) one should also add an explicit interaction with the field strengths ("fluxes") of the 

3 Notice that in our case the problem of coupling to 11D supergravity seems to be pure technical 
(although probably difficult). This differs from the problem of whether the Matrix model provides the 
description of the complete M-theory in some particular frame, discussed in [34] . 



11D supergravity, F abcd = F[ abcd ](Z), R ahcd (Z) and T^Z). The terms suggested by the 
equations from j2H 122] read A^ luxes S mM o = J w i E a (p#) 3 C( l uxes with 

C a fluxes = paijk tr ftip^x*] + UVY jk V) + - R ai= Hr (CT) + 2if ai ~ q tr (X** g ) , (38) 
4! 8 

and £aijk = F abcd (Z)uluiu% R ai=j = R abcd {Z)^ h u=u{, f ai ~ q = T aha {Z)v? h v- q . The ex- 
plicit presence of the flux superfields creates some difficulties in the calculations so that 
the question of whether S m Mo^ Eq '^^^ + ^ luxes S m Mo is the complete action for mMO sys- 
tem in the supergravity superspace, or some additional terms are still needed to provide 
the local worldline supersymmetry {i.e. K-symmetry) , is still open. It is natural to begin 
with the cases of mMO in vacuum superspaces where the fluxes acquire constant values; 
notice that the AdS x S and pp-wave superspaces are of this type. 

Finally, the most intriguing question is whether it is possible to find a generalization 
of our mMO action for the case of multiple M2-brane system. We should note that the 
search for the answer for this question does not promise to be simple, in particular in the 
light of the recent results in [55] . 
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